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ABSTRACT

Suppose x1,...,X, is a random sample and it is desired to test whether the distri-
bution is multivariate normal. Many likelihood-based methods such as mixed effects
models for repeated measures are based on an assumption that the data have a mul-
tivariate normal distribution. There are many proposed goodness of fit tests for this
problem. However, in many practical applications some of the components are miss-
ing for some of the vectors. There are few methods available for this very common
problem. This paper describes three different methods using interpoint distances and
compares their performance in several scenarios using simulation and one scenario
with clinical trial data.
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1. Introduction

Suppose X1, ...,X, is a random sample from some unknown multivariate distribution
F and it is desired to test the hypothesis that F' is a multivariate normal distri-
bution. There are many goodness-of-fit tests for this scenario. The testing scenario
can be either a specified distribution with a given mean and covariance matrix or the
composite null hypothesis that F© has a multivariate normal distribution with any
mean and covariance. A theorem in Maa et al [8] demonstrates that the interpoint
distance distribution can be used to test this hypothesis. Two multivariate distribu-
tions are equal if and only if the three interpoint distance distributions are equal (the
distance between two vectors from the first distribution, two vectors from the second
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distribution, or one from each). The theorem applies to general distance functions,
but this article only uses Euclidean distance. Three examples of goodness-of-fit tests
based on interpoint distances are given in Bartoszynski et al [1], Székely and Rizzo
[2], and Bonetti and Pagano [13].

The test in Bartoszynski et al [1] is motivated by the idea that if a random triangle
is formed with two vertices from the distribution /' and one vertex from a specified
distribution G, then each leg of the triangle has the same chance of being the shortest
leg in the triangle if F' is equal to that specified distribution G. Moreover, each leg
has the same chance of being the longest leg (or being neither the shortest nor longest)
in the triangle if F' = G. If the data can be used to estimate these probabilities and it
is possible to find the mean and variance of these estimates under the null hypothesis
F = G to construct a test statistic. However, the calculation of the estimates and
their variance under the null hypothesis is not as trivial as it first seems. An accurate
and efficient method has recently been proposed by Lawrence [7, in submission]. For
the composite null hypothesis, the sample is first standardized. The standardized data
will no longer be independent, but now they will have a standard normal distribution
under the null hypothesis. Hence, the statistic can be calculated as before but the
distribution must be calculated for the scenario with dependent data.

The statistic described in Székely and Rizzo [13] is based on comparing the mean
distances between two vectors. The sample can be used to estimate the mean distance if
both vectors have distribution F' and if one vector has distribution F' and the other has
distribution G. These two mean distances are the same as the mean distance between
two vectors with distribution G if and only if F' = G. A test statistic is defined and
the single or composite null hypothesis can be tested. More detailed description of the
test statistic is provided in Section 2.

The test described in Bonetti and Pagano [2] is based on directly comparing the
empirical distribution function of the interpoint distances for the observed data to the
interpoint distance distribution of the postulated multivariate normal distribution.
This seems like a natural test using the interpoint distances and it is shown to have
high power for many alternative distributions. However, it is not a consistent test in
general because all three interpoint distance distributions need to be equal to ensure
that the multivariate distributions are equal. An example is provided in Maa et al [8]
that shows that merely having two interpoint distance distributions that are equal is
not sufficient.

This article also introduces two new tests based on interpoint distances. In order
to directly use the results in Maa et al [8], a test is needed that compares all three
univariate interpoint distance distributions. David [3] describes several different ex-
tensions of the Kolmogorov-Smirnov test to the three sample scenario. The two new
tests are described in more detail in Section 2.

Tests that are based on interpoint distances reduce multidimensional data into uni-
variate distances. Despite that reduction in dimensionality, all of the previously pub-
lished tests have demonstrated high power against many alternative distributions. It
is for these reasons that interpoint distance approaches are chosen for the problem
considered here with missing components.

According to National Research Council [10], missing data is prevalent in clinical
trials and can occur for many different reasons. Types of missing data are broadly
classified into missing completely at random, missing at random, or missing not at
random. For example, suppose a trial is 5 years long with staggered entry of patients
during the first 3 years. The protocol specifies that all patients have a measurement
every 3 months from the time they enter until the end of the study. The first patient
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in the study may have 20 measurements whereas the last patient entering the study
may have only 8. It could be reasonable to assume that the last 12 components
of the 20-dimensional vector of observations are missing completely at random for
the last patient. A patient could be too sick to have the measurement taken during
some scheduled visits, but have measurements taken at later visits. That type of
missing data could be missing at random or missing not at random. In general, it
is not possible to know the reason for missingness. Common approaches to analyzing
missing data include deleting cases with any missing values, imputing values for missing
components, or multiple imputation of missing components.

In this article, a different approach will be taken to analyzing the data with miss-
ing components. The missing components will be assumed to have the distribution
specified by the null hypothesis. A value for the missing components will not be im-
puted. Instead, the probabilities involving lengths of legs in the triangle or the average
interpoint distance will be calculated assuming the missing components are random
variables. This idea will be explained in more detail in Section 2. The distribution
calculation of the statistic under the null hypothesis will be conditioned on the ob-
served pattern of missing data. If the data are missing completely at random, the
resulting tests are unbiased. Unfortunately, when there is missing data no test can be
consistent for all alternatives. It will always be possible to construct scenarios where
F+#G  but the missing data mask the difference. For example, suppose G is the
standard bivariate normal distribution and the first component of F' has the stan-
dard normal distribution but the second component is a mixture where 90% of the
time it is standard normal but 10% of the time it has a t-distribution. Furthermore,
suppose the second component is only observed in the 90% of cases where it has the
standard normal distribution. This is missing not at random and in this scenario, the
data would appear to show the null hypothesis is true. Conversely, some types of
missingness could make data appear to be not normal when in fact it is normal.

Multidimensional goodness-of-fit tests are not only used for testing model assump-
tions. Pearl et al [11] describes a simulation-based technique for estimating the pa-
rameters of a high-dimensional stochastic model by optimizing a criterion based on
the goodness-of-fit test. This, an extension to the missing data scenario can be useful
for estimating parameters in a stochastic model when there are missing data.

2. Mathematical description of tests

First, consider the case of a completely specified multivariate normal distribution G.
X1,...,X, is a random sample from some unknown multivariate distribution F with
some components missing. The data can be standardized by subtracting the postulated
mean and multiplying by the square root of the variance matrix so that we can assume
G is the standard multivariate normal distribution. The null hypothesis is F = G. It
will be assumed that all random variables have finite first absolute moment, E | X|.
This condition is necessary for the proof of the theorems in Székely and Rizzo [13] and
any corollaries or theorems derived from those.

If no components of x; or x; are missing, then the Euclidean distance between
the two vectors is the square root of the sum of the squared differences in coordinates

i = xill = /0 (i — ).

Suppose some of the components of x; or x; could be missing. As an example,
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suppose d = 4 and only the second and fourth components of x; are observed while
the first three components of x; are observed. Use the notation where the missing

| Tj1

coordinates are represented by boxes so that x; = ;2 and x; = xj’Q . Define
j73
Li 4 |

the random variables (Z; 1, Zi,g)/ and Z; 4 with a distribution equal to the conditional
distribution given the observed coordinates. In other words, (Z; 1, Zi,g)/ is bivariate

normal with mean (8) and variance <é (1)> and Zj;4 is normal with mean 0

Zia
. T
and variance 1. Then, we can replace x; and x; by the random vectors ZZ’Q
0,3
Ti4
4,1
T .
and xj 2 [ and calculate the expected value of the distance between these random
J:3
vectors.

With that motivating example, we now switch to the general case. The vectors
have dimension d and are associated with each vector x; are indicator variables with
50— {Hfmi’kisobserved

B8 7 Oif g pismissing
missing components is

. The expected difference between two vectors with possibly

=E > @ik =)’ + > (Zix—wik)+ D (mor—Zik) + > (Zik — Z41)°

k!éiyk:(;j’kzl

the expected value of the square root of the sum of a constant, a noncentral chi-
square random variable with

d
vigr = {0k (1= 05k) + 850 (1= 6i)}
k=1
degrees of freedom and non-centrality parameter

— 2 2

k:éi,kzo@-,k:l k:&i,kzl,éj,kzo
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and twice an independent chi-square random variable with

d
viga = {(1=06x) (1= 35;)}
k=1

degrees of freedom. There are some special cases where no numerical integration is
needed. If v; ;2 = v; ;1 = 0, then there are no missing components in either vector and

the mean is just the ordinary distance between the two vectors \/ Dok (@i — l‘j,k)Q- If
Vij2 > Vi1 = 0, then the mean is

22 /ml (v)U (5
r () (

with a = ZkzéiFéj,k:l (@i k —a:j7k)2 and v = v;;2 where U denotes Kummer’s
confluent hypergeometric function of the second kind.

Ifv; j1 > v; 52 = 0, then using the fact that a non-central chi-square random variable
is the Poisson-weighted sum of central chi-square random variables, the mean can be
expressed as

0o 2*2'67)\/2)\1'E /a+X2 o; 00 272'71/267/\/2)\1‘E /2a+ 2X2 0;
E /7(1_‘_)(12/()\):2 v+21 —Z v+2
=0

Eva+2x; =

(5
iy

il 4 il
=0

with a = Zk:&,k:g_j_’kﬂ (i — H?j,k)Q and v = v; ;1. The terms in the sum can be

evaluated using the formula for E+\/a + 2x?2 derived earlier. If both v; ;1 and v;
are positive, then the expected value can be evaluated by numerical evaluation of a
one-dimensional integral since

E S @ik — k) 2, M)+ 232,

k:5i,k:6j,k:1
=FE |E o @ik —mn)+x3,, N 2L xa,, (i)
k::éi,k: j,kzl

The expression given earlier for Ey/a + 2x2 can be used to find the conditional ex-
pectation and the unconditional expected value can be found by numerical integration.

Estimate the mean distance between two independent random vectors with
distribution F' by
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—1n—1 n

(5) X3 Elh-xl

i=1 j=i+1

where the expectation is conditional on all observed components and all missing
components are filled in with random variables that have the distribution of those
missing components conditional on the observed components. Note, this is an unbi-
ased estimate of the true mean distance if F' = G and the missing components are
missing completely at random. The reason is that the expected value of a conditional
expectation is the unconditional expected value. Otherwise, it is an estimate of the
distance between two random vectors that have a distribution that is a mixture of F
and some other distributions where some components have the marginal distribution
of components of F' and others have conditional distribution of components of G. The
following theorem demonstrates that F' = G if and only if this mixture distribution
is equal to G.

Theorem 1. Let x be a random vector where with probability p, where 0 < p<1,
the distribution is F' but with probability 1 —p a fixed subset of the components are
missing and replaced by random variables that have distribution of the conditional
distribution of those components given the observed components from the distribu-
tion G. Furthermore, suppose the probability of having the components missing is
independent of the observed components and the unobserved components. Then, z
has the distribution G if and only if F = G.

Proof. The distribution of the observed components of x is the marginal distribution
of those components from the distribution F'. The distribution of the remaining com-
ponents conditional on those components that are always observed is a mixture of the
conditional distribution of those components from F' and the conditional distribution
of those components from G. Thus, if F' = G, clearly x will have the distribution of
G. However, if F'£G, then either the marginal distribution of the observed compo-
nents is different in F' compared to that in G or the conditional distribution of the
possibly unobserved components is different in ' compared to that in G. In either
case x cannot have the distribution in G.

Theorem 1 applies to a scenario where only one missing data structure is allowed.
The following corollary extends that to the scenario where arbitrary missing data struc-
tures are allowed. Each possible structure has a probability p; of occurring where ¢
indexes the different missing component structures; there are 2¢ possible structures
including the case where no components are missing. The missing component struc-
tures need to be listed and ordered in such a way that ¢ =1 corresponds to the case
where no components are missing. It is given that Y p; = 1.

Corollary 1. Let z be a random vector where with probability p;, where 0 < p;<1,
the distribution is F but with probability p;; i = 2,...,2%, the subset with index
i of the components are missing and replaced by random variables that have the
conditional distribution of those components given the observed components from the
distribution G. Then, x has the distribution G if and only if F' = G.

Proof. The proof follows by induction from the fact that a mixture of k distributions
can be written as a mixture of two distributions where the first distribution is a mixture
of k-1 and using Theorem 1.
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Given a random sample xi,...,%X, from a distribution F, estimate the mean
distance between two random vectors where one has distribution F' and the other, vy,
has distribution G by

n
'Y Elxi -yl
i=1

Note that

Ellxi—yl=E | Y (ix =Y+ D (Zix— V)
k:0; =1 k:9;,,=0

_ 2 2 2
=E X5 5., MZ 1"%‘,'@ 25 60
04, k=

When x; has no missing components, then E|x; —y| can be evaluated using
Lawrence (6). Otherwise, it can be evaluated as a one-dimensional integral using
the same iterated expectation technique described earlier. Finally, the mean distance

T(atL
between two independent vectors with distribution G, |ly; —ysl, is 2 IE(Z)) The

energy test statistic generalized to the missing component scenario is then defined as

n —1n—-1 n
_ n
2wt Y Bl vl = (3) X X Elli-xl - Bl - val
=1

i=1 j=i+1

This is the same as the definition in Székely and Rizzo (13) when there are no missing
components. But, when there are missing components, the distances between observed
vectors are replaced by conditional expectations. The null hypothesis is rejected for
large values of the statistic. The distribution of the statistic under the null hypothesis
is estimated by repeatedly drawing samples from G with the same missing component
structure as in the observed data.

For the composite null hypothesis testing scenario, there are two modifications.
First, in the original sample, the data are standardized by an estimate of the mean and
covariance. One way to estimate the mean and covariance is by using the maximum
likelihood estimates. A simpler alternative is to use the sample mean and covariance
from the complete cases. Second, when calculating the distribution under the null
hypothesis, the simulated data need to be standardized using the maximum likelihood
estimates of the mean and variance.

The energy test describe above compares the mean interpoint distances. Now, con-
sider the test statistic that uses a three-sample generalization of the Kolmogorov-
Smirnov test to compare the full distribution of the interpoint distances.
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Let Hyy (t) = Pllly; — vol <t] = P [XZS%} where y; and y, are independent
standard multivariate normal random variables with distribution G. Also, let Hxx
denote the interpoint distance distributions for two independent vectors with distri-
bution F' and Hxy denote the interpoint distance distribution where one vector has
distribution and let F' and the other has distribution and G.

Estimate the distribution function H xx as follows. First, define the support for the
estimated distribution. The support could be taken as the set of all observed interpoint
distances for pairs of complete observations. Alternatively, it could be taken as the
union of two sets: the set of all observed interpoint distances for pairs of complete
observations and the ﬁ quantiles of the distribution Hyy (¢) for ¢ = 1,...,N.
The integer N can be any number desired. This union could be used in situations
where there are not many pairs of observed complete data vectors. Assume the points
in the support are labeled such that 0 < t; < ... <tg. Now, each pair x; and x; will

contribute a total mass of —4— to the estimated distribution. Let hiX’]X (t) denote the
n

2
mass allocated by that pair to a specific value ¢ in the support. To summarize, for

y Y i:j J— 1 iv ] J—
all 1<i < j=n, ZtEsupport hXX - T and Zl§i<j§n ZtESupport hXX = 1. If both

2
x; and x; are complete, then the mass is assigned to the point ||x; — x;||. Otherwise,
the mass is allocated to all ¢, in the support with

h?(JX (t1) = Pllxi—xyll<ta] 14 hlf(]X (t) = Plllxi—x; || <te] —Pllixi =l <te—a] o~ 1
n n

2 2

where x; and x; are the random variables defined previously replacing the missing
components by random variables with the appropriate conditional distribution. To
calculate h'Yy (f) when there are missing components, first note that

P[> — x| <t]

— )2 2 . 2
=P > (mk—w)+ XS0 50 (1=0, 04850 (1=5)} i) T 2X5a s, ) -5,,0p =t
k}iéi,k:5j1k:1

Therefore, we can calculate

Pllx: — x4l <t]

2 2 2 2
=P Z (@i — )" + XS {80 (1=6;0) 85,6 (1=8,.1) } (Aig) + 2XZ§:1{(1—5L1€)(1—5;‘,1¢)}St
kliéi,k:dj,kil
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2 2 2 2
=P XS {60k (18,0 4+8,1(1—6,.0)} (Nij) + 2X22:1{(1—5m)(1—5M)}§t - k6 Z& =1 - x%k)

Finally, define the estimated cumulative distribution function by

Hyxx ()= > oo nk ()
Isi<isni’ e support
<t

The third interpoint distance distribution, denoted H xy, is estimated similarly. The
estimate is

n
Hxy (t) = Z Z Yy ()
= e support
t'<t

where hiXY (tl) — w and hiXY (tk) — P[”Xi_YHStk]_nPHIXi_YH<tk—1} for k > 1.

The generalization of the Kolmogorov-Smirnov test used here will be:

Lgs = mazx {m’gm ‘f[xy (tg) — ﬁXX (tk)‘ , m’gm; ‘flxy (tx) — Hyy (tx)

maa ‘Hyy (tr) — Hyx (tk)(}

As with the energy test, the distribution of the statistic is found under the null hypoth-
esis by conditioning on the missing data structure, sampling from G, standardizing the
sample by the estimated mean and variance, and then calculating the statistic based
on the standardized sample. The testing procedure proceeds by finding the p-value by
the estimated probability of exceeding the observed value of the test statistic under
the null hypothesis.

The second new test is also based on comparing the three interpoint distance dis-
tribution functions. Hxx and Hyy are defined by interpoint distances within the
same distribution (either F' or G) while Hxy is defined by the interpoint distance
between vectors with possibly different distributions. The test statistic defined by

H H .
I mas { xx (tx) -12- vy (tk) Fyy (tk)}

compares the average within interpoint distance distribution to the between. At
first at first seem strange to only define the statistic in one direction rather than
the maximum absolute value of the difference, but we will show later that only one
direction is needed. The tests using either Lxg or L are consistent when there are no
missing components or if there are missing components that are missing completely
at random.
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Both Lggs or L are reasonable goodness-of-fit tests because they are consistent
when there are no missing components. A mathematical proof follows.

Theorem 2. If there are no missing components,

Lgs = mazx {m’gzp ‘ﬁxy (tg) — ﬁXX (tk)’ , m’?:r ‘flxy (tx) — Hyy (tx) ,m}gz ‘Hyy (tg) — ﬁXX (tk)‘}

and L = maz {M — Hyy (tk)} are consistent tests of the null hypoth-

esis F' = G.

Proof. If there are no missing components, then under the null hypothesis, both
Lkgs and L converge to 0 by the theorem in Maa et al [8]. The variance of both
statistics converges to 0 [Silverman (12)]. Also, under any alternative, Lgg does not
converge to 0. Therefore, Lgg is consistent.

The consistency of I hinges on showing that under any alternative, there is some
t for which w — Hyy (t) > 0. If that were true, then L would converge
to a positive number and the consistency is established. Suppose that there is no such
t; in other words, w — Hyy (t) <0 for all ¢. Then, using the Darth Vader
rule [9], it would follow that

0> /OOO Hxx (1) ;LHYY Oty (t) dt = /Ooo e ;L LI O Hyy (1) a

Ellx; —xof + E|ly; — yal|
2

_ {EHXI — x|l + Elly; — s
2

_Eln —y1u} — Elx -yl

But, Corollary 1 of Székely and Rizzo (13) states that the last expression is strictly
positive under any alternative.

3. Simulation comparison

Data are simulated from several types of multivariate distributions. Multivariate nor-
mal, MVN, and multivariate T, MVT,, vectors are simulated using the mvtnorm
package [Genz et al (4), Genz and Bretz (5)]. The notation @ represents a vector of
length d with all coordinates equal to a, I is the dzd identity matrix, CS (p) is a
compound symmetric matrix where the diagonal elements are 1 and all other elements
are p. If there is a subscript, then that indicates the length of the vector or size of
the matrix. For example, 0 5, is the vector of length 5 with all elements equal to 0.
If there is no subscript, the size is understood to be d = 10. Mixture distributions
are included with the notation p MVN+ (1 —p) MVT,. A vector where the first
components are multivariate normal and the last components are multivariate T is de-
noted MVNQMVT,. The missing data is artificially created so that 15% of vectors,
chosen completely at random, have missing components. Within those vectors, data
are monotonically missing for the final 4 coordinates d — 3, ..., d. For each scenario,
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the power is estimated using 5 thousand replications. Estimation of the mean and
covariance of the population is done using the sample mean and covariance of the
complete cases. The type 1 error rate is 0.05 and the null hypothesis is rejected if
the observed value of the statistic is larger than the 95" percentile of the distribution
under the null hypothesis. By construction of the critical value used, the type 1 error
rate under the null hypothesis will always be 0.05.

Table 1 shows the estimated power of each test under different alternative scenarios
with d =10. In scenarios shown in rows 1, 2, and 7 of the table, all 3 tests have
similar power. In the scenarios in rows 3 and 5, . has higher power. The energy
test has higher power than the other tests in the scenario in row 4. For the remaining
scenarios, the test statistic L has the highest power. In scenario 6, the test statistic
Lgs has the lowest power and the other two tests have equal power. Although this
is not a comprehensive comparison, it demonstrates that the three tests do not always
have the same power for all alternatives.

Table 1. Estimated power (probability of rejecting the null hypothesis of multivariate
normality) using modified energy test or Three Sample Kolmogorov-Smirnov Test of
interpoint distance distributions (5,000 replications, o = 0.05,d = 10).

Distribution F n | Energy Test | Power of Lgg | Power of L
MV Ty (ﬁ, I> 40 7 6 6
= =

0.5MVN (0 ,1) +0.5MVN ( 3 ,I> 40 5 4 3
MVTs (ﬁ, I> 100 14 14 927

,I) 100 9 4 4

SMVN (T,1) + My (0,1) | 100 9 8 17
SMVN (0,1) + 5MvTy (0,1) | 100 58 35 58
MVYN (05, 15) @MVT1 (05, 15) | 100 16 15 15

4. Kidney trial data analysis

The TEMPO 3:4 trial [14] randomized patients with autosomal dominant polycystic
kidney disease to either the experimental drug tolvaptan or placebo. The patients
were followed for 3 years and their estimated kidney function was measured every 4
months. Thus, patients who did not miss any measurements had 9 values measured
including the baseline value at month 0. A mixed effects model was used that has
fixed effects treatment arm, age at baseline, months from randomization, treatment by
month interaction, and baseline total kidney volume. The model has random effects
for intercept and months within patients.

Here, the focus is on the patients from the placebo arm who were in stage 3A at
baseline (that is, estimated kidney function between 45 and 60 mL/min per 1.73 m?
body surface area). This subgroup was chosen in order to attempt to make the patients
more homogenous. The residuals from the fitted mixed effects model for this subgroup
are used to illustrate the goodness of fit test for multivariate normality. There were
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66 patients in this subgroup. 58 of those subjects had complete data (all 9 possible
measurements observed); 5 had 8 measurements; 1 had 6 measurements; 2 had 4
measurements. The null hypothesis is that these residuals have a multivariate normal
distribution and the alternative hypothesis is that they have some other distribution.

The estimated differences in the cumulative distribution functions for the interpoint
distances, that is H xx (tk) —Hxy (tk) (in red) and Hyy (tk) —Hxy (tk) (in black), are
shown in Figure 1. The third estimated difference, Hxx (tx) — Hyy (t1), is not shown
directly but it can be found by subtracting y-values in the two curves. Furthermore,

M — Hyy () is the average of the two y-values of the curves shown.
Using all 66 subjects, the p-values of these new tests including all 66 subjects are 0.14
(energy), 0.08 ( L), and 0.59 ( Lgg). In contrast, if the energy test is used with only
the 58 subjects with complete data, the p-value is 0.01. The relatively large difference
in the p-values illustrates that it can be important to use all of the data and not ignore
the data with missing components. Moreover, it corroborates what was found in the
simulation section where Lxg was less powerful than the other two statistics.

0.00
|

Difference between distribution functions
-0.05

-010

-015

T T T T T
0 2 4 6 8

Distance

Figure 1. Estimated differences in interpoint distance distribution for kidney disease
data. The red curve is Hxy (t;)—Hxy (t;) and the black curveis Hyy (t)—Hxy (t)-

5. Discussion

Three multivariate goodness-of-fit tests from the interpoint distance were derived. All
three tests developed here are applicable for the case when the data are complete or
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when some vectors have missing components. The first is a modification of the energy
test devised by [13]. The estimate of the mean distance between observed sample points
was replaced by an unbiased estimate when the data was complete. The other two tests
are completely new and are derived from a theorem that states that two multivariate
distributions are equal if and only if the three interpoint distance distributions are
equal [8]. Although the tests seem to be derived from the same basic principle, they
exhibit different power for some alternative scenarios in the simulation.

A real dataset was analyzed using all three tests. The data consists of the residuals
from a mixed effects model from a drug trial used to treat a type of chronic kidney
disease. Larger subgroups and the entire study population were also analyzed (not
shown here), but those cases were not very interesting because all the tests clearly
demonstrated the data were not multivariate normal. For the subgroup, the complete
cases were first tested for multivariate normality and it was found that there was
fairly strong evidence against the null hypothesis (p=0.01). However, when the entire
dataset was analyzed, the null hypothesis could not be rejected (p>0.05 for all three
tests).

These tests can be used in situations where the null hypothesis is a specific multivari-
ate normal distribution or in the situation where there is a composite null hypothesis
of multivariate normality with arbitrary mean and covariance. None of the tests are
distribution-free. Hence, the distribution of the test statistic under the null hypoth-
esis must be estimated using simulation. For the composite null hypothesis scenario,
the observed data and each simulated dataset are standardized using estimates of the
mean and covariance. For multivariate data, it is not possible to view Q-Q plots or
similar diagnostic plots. However, Figure 1 is an informative plot that can be viewed
to assess whether the interpoint distance distributions are equal and if not, in what
ways they differ.
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